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GROUKD XFFECT - THEORY AMD PRACTICE 

By E. P i s t o l e s i  

INTRODUCTION 

The problem of ground e f f e c t  h a s  Been d i s c u s s e d  f r o m  
t i n e  t o  t ime  i n  t h i s  p e r i o d i c a l ,  t h e  most. r e c e n t  i n s t a n c e  
b e i n g  i n  a n  a r t i c l e  by t h e  au tho r  ( r e f e r e n c e  2 4 )  where in  
h e  a n a l y z e s  t h e  problem on the b a s i s  o f  h i s  deve loped  b i -  
p l a n e  theo ry .  The c o n c l u s i o n  of  t h a t  a r t i c l e  i s  t h a t  t h e  
inc remen t  of l i f t  due t o  ground e f f e c t  i s  l a r g e l y  a t t r i b -  
u t a b l e  t o  t h e  e f f e c t  of  i n d u c t i o n  of t h e  f r e e  v o r t i c e s ,  
and  i s  p r a c t i c a l l y  e q u i v a l e n t  t o  a v i r t u a l  i n c r e a s e  i n  
a s p e c t  r a t i o .  The g round  c l e a r a n c e  w a s  o f  t h e  o r d e r  o f  
magni tude  comFarable t o  t h e  v ing  chord.  

R e c e n t l y  we have  received. s o m e  cew a r t i c l e s  and s tud -  
i e s  on t h i s  i n t e r e s t i n g  s u b j e c t :  an i n f o r m a t i v e , , a r t i c l e  
by M. L e  Sueur  ( r e f e r e n c e  Zl), a r e p o r t  by G. Datrvyler 
( r e f e r e n c e  2 2 ) ,  v h i c h  t r e a t s  t h e  c a s e  of minimum d i s t a n c e  
from t h e  ground and is conf ined  t o  t h e  plane problem only, 
and  l a s t l y ,  some t h e o r e t i c a l  s tud ies  by Tomotika and oth- 
e r s  ( r e f e r e n c e s  2.7 and 2 5 ) ,  a l s o  c o n f i n e d  t o  t h e  > l a n e  
r ob1 em . 

Ve s h a l l  b r i e f l y  r ev iew t h e s e  r e p o r t s  w i t h o u t  r e g a r d  
t o  c h r o n o l o g i c a l  o r d e r .  

I.  LE SUEUB’S REPORT 

Ground e f f e c t  i s  a, very  c o n t r o v e r s i a l  s u b j e c t ,  b o t h  as 
t o  C R U R B  and  t o  i t s  e f f e c t .  A l l  o b s e r v a t i o n s  mzde i n  f r e e  
f l i g h t  a r e  i n  agreement  as r e g a r d s  t h e  e x i s t e n c e  o f  ce r -  
t a i n  s y s t e m a t i c  Dhenomena such a s  t h e  q r e a t e r  f a c i l i t y  o f  
Ion-a ing  a i r p l a n e s  t o  t a k e  o f f ,  i m p o s s i b i l i t y  of c e r t a i n  

* “ T e o r i e  ed e s p e r i e n z e  sul  problema d e l l  ‘ala i n  v i c i n a n z a  
--- . . . . . . . . . . . . . . . . . . . .  ~ _______.___________------ ---------- 

d e l  s u o l o .  From Pubb l i caz io i i i  d e l l a  R. s c u o l a  d * I n -  
g e g n e r i a  8 i  Pisa, s e r i e s  V I ,  n o .  2 6 1 ,  J u l y  1335,  pp. 
1-25 . 
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h e a v i l y  l o a d e d  l o n g - d i s t a n c e  a i r p l a n e s  t o  g a i n  a l t i t u d e ,  
t h e  p ro longed  g l i d e  of  lov-wing a i r p l a n e s  on l a n d i n g ,  e t c .  
Even s o ,  t h e r e  e x i s t  e r r o n e o u s  and  m i s l e a d i n g  o p i n i o n s  as  
t o  t h e  t r u e  c a u s e  of t h e s e  phenomena. 

I t  i s  a c e r t a i n t y  t h a t  ground i n t e r f e r e n c e  l o w e r s  t h e  
d r a g ,  assuming t h e  l i f t  t o  be e q u a l ,  and i n  q u i t e  n o t i c e -  
a b l e  p r o p o r t i o n s .  As t o  t h e  maximum l i f t ,  t h e r e  i s  no 
t h e o r y  t o  a t t e s t  t o  i t s  i n c r e a s e ;  i n  f a c t ,  d i v e r s  e x p e r i -  
ments  i n  a c c o r d m i t h  c e r t a i n  t h e o r i e s  appea r  t o  i n d i c a t e  
o c c a s i o n a l l y ,  a d e c r e a s e .  

On t h e s e  p r e m i s e s  we s h a l l  examine t h e  v a r i o u s  p h a s e s  
of t he  uroblem f r o m  t h e  t h e o r e t i c a l  as  w e l l  as f r o m  t h e  
e x p e r i m e n t a l  p o i n t  o f  view. 

A. THEORIES ON INTERFERENCE EFFECT 

These t h e o r i e s  a r e  a b l e  t o  t r e a t  t h e  p l a n e  problem 
(wing o f  i n f i n i t e  s p a n )  o r  even t h e  t h r e e - d i m e n s i o n a l  
problem. I n  any c a s e ,  t h e  s t u d y  on i n t e r f e r e n c e  r e v e r t s  
t o  t h e  g e n e r a l  s tudy  of t h e  b i p l a n e  making u s e  of t h e  b 

a r t i f i c e  knonn a s  " r e f l e c t i o n . "  The re  a r e  a v a i l a b l e  f o r  
t h i s  purpose  ( t h r e e - d i m e n s i o n a l  p r o b l e m )  t h e  n o t e d  P r a n d t l -  
Be tz  formulas, which may b e  a p p l i e d  i n  our c a s e  and  which 
mere ;publ ished by  W i e s e l s b e r g e r  ( r e f e r e n c e  5 ) .  These f o r -  
mulas were chosen i n  1 9 2 4  by T o u s s a i n t  f o r  compar ison  w i t h  
his expe r imen ta l  v a l u e s  of t h e  c o e f f i c i e n t  i n  d i f f e r e n t  
c a s e s  of monoplanes and  b i p l a n e s  w i t h  ground i n t e r f e r e n c e .  
They a r e  g e n e r a l l y  a c c e p t e d  as s u f f i c i e n t l y  a p p r o x i m a t e ,  
though s t u d i e s  mado s u b s e q u e n t l y  d i s c l o s e  r e s u l t s  more o r  
l e s s  a t  v a r i a n c e  w i t h  t h e  former .  

A r e p o r t  by Rosenhead ( r e f e r e n c e  1 8 )  t r e a t s  t h e  l i f t  
o f  a f l a t  p l a t e  between p a r a l l e l  m a l l s  - an  a n a l y s i s  b a s e d  
on a method of conformal  t r a n s f o r m a t i o n ,  and  which h e  c o w  
p a r e s  w i t h  G l a u e r t ' s  r e s u l t s  ( r e f e r e n c e  3 2 ) .  

There i s  a l s o  a s t u d y  by M h l e r  ( r e f e r e n c e  19) i n  
which he  a p p l i e s  t o  t w o  symmet r i ca l  a i r f o i l s  F e r r a r i ' s  
method o f  conformal  t r a n s f o r m a t i o n ,  t h e  r e s u l t s  o f  which 
a r e  a t  v a r i a n c e  w i t h  oxpe r imen t ,  R S  t h e y  a r e  i n d i c a t i v e  O f  
a d e c r e a s e  i n  l i f t .  

F i n a l l y ,  t h e r e  i s  t h e  study by P i s t o l e s i  ( r e f e r e n c e  
2 4 )  w h o ,  i n  t h e  .case  o f  t h e  wing w i t h  i n f i n i t e  s p a n ,  f i n d s  

I 
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t h a t  t h e  c i r c u l a t i o n  i n c r e a s e s  w i t h  t h e  a n g l e  of i n c i d e n c e  
up t o  a c e r t a i n  v a l u e  of t h i s  i n c i d e n c e ,  beyond which i t  
d e c r e a s e s  a g a i n ;  a n d ,  t a k i n g  i n t o  c o n s i d e r a t i o n  t h e  change 
i n  h o r i z o n t a l  speed  h e  e x p r e s s e s  t h e  change i n  l i f t  coef -  
f i c i e n t  due t o  i n t e r f e r e n c e  by s i m p l e  f o r m u l a s  ( r e f e r e n c e  
24.). He t h e n  p a s s e s  t o  t h e  case  o f  f i n i t e  span  and f i n d s  
t h e  p e r c e n t  change o f  l i f t  i n  f u n c t i o n  o f  t h e  i n c i d e n c e  
f o r  d i v e r s  v a l u e s  o f  h/l (1 = c h o r d )  - which r e s u l t s  a r e ,  
a t  l e a s t  q u a l i t a t i v e l y ,  i n  agreement w i t h  exge r imen t .  I n  
p a r t i c u l a r ,  t h e  i n c r e a s e  i n  l i f t  d e c r e a s e s  u n t i l  i t  i s  
c a n c e l e d  o u t  as t h e  i n c i d e n c e  i n c r e a s e s .  

L a s t l y ,  t h e r e  a r e  t h e  J a p a n e s e  r e p o r t s ,  t h e  f i n a l  
c o n c l u s i o n s  of which a r e  i d e n t i c a l  w i t h  t h o s e  o f  P i s t o l e s i :  
A t  l o w  i n c i d e n c e  tk;e l i f t  i n c r e a s e s  as t h e  d i s t a n c e  f r o m  
t h e  ground d e c r e a s e s ;  a t  h i g h  i n c i d e n c e ,  on t h e  o t h e r  h a n d ,  
t h e  l i f t  d e c r e a s e s  as t h e  d i s t a n c e  from t h e  ground de- 
c r e a s e s .  

b 
( 

Bo EXPERIMEXTAL METHODS 

m 
C 

a> T e s t s  w i t h  s m a l l - s c a l e  models.- N o t  w i s h i n g  t o  go 
a c k  as f a r  es i 3e t z ' s  expe r imen t s  o f  1912 ( r e f e r e n c e  1) 
which ,  w h i l e  d i s c l o s i n g  n e g l i g i b l e  i n t e r f e r e n c e  e f f e c t s ,  
e r e  q u i t e  i n a c c u r a t e ) ,  me r e c o r d  an i n t e r e s t i n g  s t u d y  by 
owley a n d  Lock ( r e f e r e n c e  3 ) ,  b a s e d  on t e s t s  made i n  Eng- 

l a n d ,  i n  J u l y  1920 ,  i n  t h e  4-foot  No. 1 mind t u n n e l ,  a t  
40  f e e t  p e r  second mind speed ,  on an  R.A.F. 15 b i p l a n e  of  
ze ro  s t a g g e r ,  i n  c o n n e c t i o n  w i t h  t h e  t t T a r r a n t l t  b i p l a n e .  

The ground mas r e p r e s e n t e d ,  i n  p a r t  (by  r e a l  g r o u n d )  
by a v e r t i c a l  s h e e t  of t i n  4 f e e t  h i g h ,  3 f e e t  l o n g :  and i n  
p a r t  by two i d e n t i c a l  b i p l a n e s  s y m m e t r i c a l l y  d i s p o s e d ,  i n  
r e s x , e c t  t o  v i r t u a l  g round ,  a c c o r d i n g  t o  t h e  r e f l e c t i o n  
method. Measurements mere made o f  t h e  l i f t ,  d r a g ,  and  
p i t c h i n g  moment at a n g l e s  of a t t a c k  r a n g i n g  f r o m  -6' t o  
1 4 O ,  and f o r  v a l u e s  o f  h /b  (b = s p a n )  = 0.167 a n d  0.306. 

A t  a b o u t  t h e  same t i m e ,  t h e  M a s s a c h u s e t t s  I n s t i t u t e  of  
Technology also mcde some similar t e s t s  i n  i t s  4 - f o o t  t u n n e l ,  
a t  wind speods  of  30 m i l e s  p e r  h o u r ,  excep t  i n  t w o  c a s e s  
where i t  m a s  r a i s e d  t o  40 and 45 m i l e s  p e r  hour .  Theso 
t e s t s ,  r e p o r t e d  by A. E. Rp-ymond ( r e f e r e n c e  6 > ,  were made 
on t h r o e  3 b y  1 8 - i n c h  models: a M a r t i n  No. 2 ,  an.R.A.F. 15 
s p e c i a l ,  and  a U.S.A. 27.  Exper iments  rrere also made by 
t h e  f l a t - p l a t e  method (3 -p ly  b i r c h  3/8- inch t h i c k ,  4 f e e t  
h i g h ,  3 f e e t  w ide ,  w i t h  l e a d i n g  edge c ; l i , H r & d o n  t h e  s i d e  
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away f r o m  t h e  model)  and by t h e  r e f l e c t i o n  method. I n  
b o t h  c a s e s  t h e  t e s t s  were  run  f o r  d i f f e r e n t  a n g l e s  of  i n -  
c i d e n c e  and  d i f f e r e n t  ground d i s t a n c e s ,  v a r y i n g  f rom 1/4 
1 t o  21 ('1 = c h o r d ) .  

?he same e x p e r i m e n t a l  method was u s e d  i n  1921  i n  Ger- 
many t o  check W i e s e l s b e r g e r ' s  formula ( r e f e r e n c e  5 ) .  
model was a monoplane o f  124 cm (48.32 i n . )  s p a n ,  a s p e c t  
r a t i o  9. 

The 

Some y e c r s  l a t e r  T o u s s a i n t  u n d e r t o o k  a s e r i e s  of SYS- 
t e m a t i c  e x p e r i m e n t s  i n  t h e  6Q-foot No, 1 wind t u n n e l  a t  
S a i n t  Cyr ( r e f e r e n c e  9 ) ;  t h e  ground w a s  r e p r e s e n t e d  by a 
s h e e t  o f  aluminum 4 mrn (0.157 i n , )  t h i c k ,  and 1.60 m (5.24 
f t . )  long ,  The measurements  mere made on a w i r e  b a l a n c e ;  
t h e  wind  speed  mas 32 t o  33 m / s  (105.0 t o  108 .3  f t . / s e c . ) .  
The models were a L i o r d  (S.C. 133 a) wing,  a Fokker  (S.C. 
106 a )  wing,  a Fokker  (S.C. 106 a+b)  b i p l a n e  wing ,  as w e l l  
as t w o  Sre'guet 14 A 2 a i r p l a n e  models  o f  1/10 and 1 / 2 0  
s c a l e .  The t e s t s  mere made v e r y  p a i n s t a k i n g l y  t o  a s s u r e  
a c c u r a t e  r e s u l t s .  The i n c i d e n c e  was changed i n  s t a g e s  of 
3' each from -9' t o  +35', and f o r  t h r e e  ground d i s t a n c e s :  
0.530 m (1.74 f t . ) ,  0,438 m (1.44 f t . ) ,  and 0,240 m (0 ,787  
f t , ) ,  These t e s t  da t a  s e r v e d  as check on B e t g ' s  formulas, 
t o  which me s h a l l  r e f e r  a g a i n  l a t e r  on. 

OCvher t e s t s  were made in t h e  E i f f e l  wind t u n n e l  on 
models mounted i n  t h e  p r e s e n c e  of a p l a t f o r m  r e p r e s e n t i n g  
t h e  ground. The wind, s p e e d  mas 25 m / s  ( 8 2  f t . / s e c . ) ;  t h e  
moclel vas a CaUdron R.220; t h e  d i s t a n c e  f r o m  t h e  g round  
0 ,  100, 200, ZOO, 400, r,nd 500 mm (3.94, 7.87, 11.81, 1 5 i 7 5 ,  
and 19.69 i n . ) .  U n f o r t u n a t e l y ,  t h e  u s e  of o n l y  t m Q " i n c i -  
d e n c e s ,  0' 2nd 12', d e t r a c t s  from t h e  v a l u e  of t h o s e  ex- 
p e r i m e n t s .  

Next ,  t h e r e  a r e  t h e  t e s t s  of t h e  Wibaul t -Penhoet  com- 
pany on an a i r f o i l  172, a s p e c t  r a t i o  5 ,  a low-wing mono- 
p l a n e ,  t y p e  313, a i r f o i l  2 0 9 ,  a s p e c t  r a t i o  7.8; a ' lom-wing 
monoplane 280 ,  a i r f o i l  1 2 5 ,  e f f e c t i v e  a s p e c t  r a t i o  6.84,  
r e a l  a s p e c t  r a t i o  7.55; a low-wing monoglane? 287 ,  a i r f o i l  
215 ,  aopec t  r a t i o  8 .4 ;  a low-wing s e a p l a n e  240. The mod- 
01s had sganc  r a n g i n g  f r o m  1 mete r  t o  1.30 m e t e r s ;  g round  
d i s t a n c e  and  i n c i d e n c e  v e r e  changed ~ y ~ t e m ~ ~ t f c a 1 l Y .  

( r e f e r e n c e  22) .  which r e f e r  t o  v e r y  s h o r t  d i s t a n c e s  f r o m  
t h e  ground,  and which had  Seen conduc ted  i n  G a t t i n g e n  
and  Zhrich.  

L a s t l y ,  we ment ion  t h e  t e s t s  r e p o r t e d  by D k t n y l e r  
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From among t h e  t e s t s  made on aerodynamic  c a r r i a g e s ,  
t h o s e  of Tgnn ies  d e s e r v e  s g e c i a l  ment ion  ( r e f e r e n c e  21) .  

b) F u l l - s c a l e  e x p r l g e n t s , -  Here we have  f i r s t  of a l l  
t h e  f l i g h t s  made d u r i n g  1927 i n  t h e  U n i t e d  S t a t e s ,  as re -  
p o r t e d  by E l l i o t t  G. R e i d ,  i n  T e c h n i c a l  Repor t  No. 265 
( r e f e r e n c e  1 2 ) .  They were made w i t h  a Vought VE-7 bi.: 
p l a n e  whose aerodynamic c h a r a c t e r i s t i c s  i n c l u d i n g  t h o s e  o f  
t h e  p r o p e l l e r ,  had been e s t a b l i s h e d  i n  p r e v i o u s  t e s t s .  
The f l i g h t s  mere made w i t h  t h e  lower  wing at  1.50 t o  3.75 
(5  t o  9 f t , )  above t h e  ground. An i n t e r p o l a t i o n  method 
mas u s e d  t o  e l i m i n a t e  t h e  n e c e s s i t y  o f  m a i n t a i n i n g  s t r i c t -  
l y  l e v e l  f l i g h t .  

O the r  i n t e r e s t i n g  f u l l - s c a l e  t e s t s  a r e  t h o s e  c i t e d  i n  
T b n n i e s '  r e p o r t  ( r e f e r e n c e  21), made on a Klemm 26-2a a t  
Hanover . ,  The r e c o r d s  mere made w i t h  a m o t i o n - p i c t u r e  
camera a t  2 ,  4 ,  7 ,  1 0 ,  1 5 ,  and  20 m (6 .56,  13 .12 ,  22.97, 
32.8, 49.2, and  65.6 f t . )  h e i g h t .  The t e s t s  were numer- 
ous a n d  f o l l o w e d  a s e t  schedule .  

The w r i t e r  o f  t h a t  r e p o r t  o f f e r e d  some s u g g e s t i o n s  
r e g a r d i n g  t h e  p h o t o g r a p h i c  method and  a d v o c a t e d  a method 
based  on t h e  emis s ion  o f  r a d i o  s i g n a l s .  -* &*PM <J 1 

1 C. TEST DATA -. THEIR AGREEMENT WITH DiTE ANOTHER 

AND WITH THEORY 

The r e s u l t s  o f  t h e  v a r i o u s  e x p e r i m e n t s  can a lways  be  
sat i s f  8c tto r i l y  i n  t e r p  r e t  ed w i t h  W i  e s e 1 s b e r g e r  1 s f o rmul a : 

However, t h e r e  is no  a c c o r d  b e t r e e n  t h e  r e f l e c t i o n  and 
t h e  f l a t - p l a t e  method, e s p e c i a l l y  f o r  v e r y  s h o r t  d i s t a n c e s .  
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F i g u r e  1 o f f e r s  an examnle of t h i s  d i s c r e p a n c y .  

T h i s  was n o t e d  by Cowley and Lock i n  1 9 2 1  ( r e f e r e n c e  
3) mho - f o r  t h e  p l a t e  -. imputed t h e  d i s t u r b a n c e  s e t  up 
by i t s  l e a d i n g  edge ,  which c a u s e s  t h e  a i r  f lom t o  d e f l e c t  
upward, w h i l e  as r e g a r d s  t h e  r e f l e c t i o n  metpod, t h e y  r a i s e  
t h e  element of doubt  a b o u t  t h e  a s sumpt ion  o f  symmet r i ca l  
f l om which c o u l d  i n  r e a l i t y  be r e y l a c e d  by an  o s c i l l a t i n g  
f l o w .  The a u t h o r s  conc lude  t h a t  ground i n t e r f e r e n c e  pro-  
d u c e s  an a p p r e c i a b l e  e f f e c t  on t h p i t c h i n g  moment, bu t  
very l i t t l e  on maximum l i f t ;  t h e  maximum L/D i s  i n c r e a s e d  
from 1 0  t o  13 by t h e  r e f l e c t i o n  method, and from 10 t o  15 
by t h e  f l a t - p l a t e  method. 

For t h e  p l a t e  a t  38 mm (1.496 i n . )  h e i g h t ,  e q u i v a l e n t  t o  
- = -  I. (h  = t w i c e  t h e  g round  d i s t a n c e ) ,  t h e  i n c r e a s e  i n  
b 6  
l i f t  and i n  L / D  f a r  a g i v e n  a n g l e  of a t t a c k ,  i s  a b o u t  
t w i c e  as  h i g h  by t h e  f l a t - p l a t e  method as  by t h e  r e f l e c -  
t i o n  method. 

These f i n d i n g s  a r e  i n  agreement  w i t h  t h o s e  of o t h e r  
e x p e r i m e n t e r s ,  f o r  i n s t a n c e ,  Raymond ( r e f e r e n c e  6 ) .  

The E i f f e l  t e s t s ,  made e x c l u s i v e l y  by t h e  f l a t - p l a t e  
method d i s c l o s e d  s y s t e m a t i c a l l y  a v e r y  much g r e a t e r  i n f l u -  
ence  than W i e s e l s b e r g e r  Is f o r m u l a  s t i p u l a t e d ,  and  f u r n i s h e d  
i n t e r f e r e n c e  f a c t o r s  which were abou t  t w i c e  t h e  theo-  
r e t i c a l  f i g u r e .  

L e  S u e u r l s  c o n c l u s i o n  i s  t h a t  t h e  wind- tunnel  t e s t s  
a r e  i n  agreement  w i t h  W i e s e l s b e r g e r t s  t h e o r y .  

T8iiniest  c a r r i a g e  e x p e r i m e n t s  ( r e f e r e n c e  2 1 )  a r e  i n  
a c c o r d  w i t h  t h e  t h e o r y ;  t h e y  r e c o r d  a d e c r e a s e  i n  l i f t  a t  
h i g h  i n c i d e n c e  as s t i p u l a t e d  by t h e  t h e o r y  ( P i s t o l e s i ,  
Torno t ika ) .  

The f r e e - f l i g h t  t e s t s  by R e i d  ( r e f e r e n c e  1 2 )  a r e  i n  
close a c c o r d  w i t h  t h e  t h e o r y .  T h i s  a l s o  h o l d s  t r u e ,  i n  
g e n e r a l ,  a t  l e a s t ,  f o r  t h e  f l i g h t  t e s t s  d e s c r i b e d  by Tbln- 
n i e s  ( r e f e r e n c e  21). 

Le Sueur  comes t o  t h e  c o n c l u s i o n  t h a t  as y e t  me a r e  
a c t u a l l y  u n a b l e  t o  make any d e f i n i t e  d e d u c t i o n s ,  a l t h o u g h  
f o r  g r e a t  grDund d i s t a n c e s  and small a n g l e s ,  t h e  d i f f e r e n t  
exFerimento seem t o  be i n  agreement  w i t h  W i e ~ e l s b e r g e r ~ s  
t h e o r y ,  which l i k e n s  t h e  ground i n t e r f e r e n c e  t o  a f i c t i -  
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t i o u s  i n c r e a s e  i n  a s p e c t  ratio. The e f f e c t  i n  f l i g h t  cor -  
r e s p o n d s  t o  n h a t  i n  t h e  Uni ted  S t a t e s  i s  c a l l e d  " f l o a t -  
ing.Il F o r  g r e a t  a n g l e s  and s h o r t  d i s t a n c e s  f rom t h e  
ground t L e r e  seems t o  be  a l o s s  o f  l i f t ;  p e r h a p s  i t  i s  t h e  
phenomenon which i s  c a l l e d  "pancaking"  i n  t h e  U n i t e d  S t a t e s .  

L a s t l y ,  a t  v e r y  h i g h  a n s l e s  of a t t a c k  and v e r y  s h o r t  
d i s t a n c e s  f r o m  t h e  g r o u n d ,  a marked i n c r e a s e  if) l i f t  may 
r e s u l t  ( a i r - c u s h i o n i n g  e f f e c t ) ,  a c c o r d i n g  t o  D a t n y l e r f s  
expe r imen t s .  

I n  t h e  n e x t  c h a p t e r ,  Le Sueur  d i s c u s s e s  t h e  e f f e c t  o f  
t h e  Fhenomenon on t h e  d i f f  ei.ent p h a s e s  of a i r p l a n e  motion 
c l o s e  t o  t h e  ground,  comparing high-wing t o  low-wing a i r -  
p l a n e s  f rom t h e  p o i n t  of  viem o f  g round e f f e c t  which ,  how- 
e v e r ,  h a s  no d i r e c t  b e a r i n g  on t h e  argument mhich we s h a l l  
advance .  S u f f i c e  i t  t o  say t h a t  a l i f t  i n c r e a s e  may be  
u s e f u l  i n  any case:  t h e  d e c r e a s e  i n  d r a g ,  u s e f u l  a t  take-  
o f f ,  may become d e t r i m e n t a l  a t  l a n d i n g  as  i t  i n c r e a s e s  
t h e  l a n d i n g  run. 

11. D ~ ~ T W Y L E R ~ S  THESIS ON GROUND EFFECT 
c 

lRRl -f,G 

I t  
I Datwyler  s ta r t s  w i t h  some c u r i o u s  e x p e r i e n c e s .  While 

b V i e s e l s b e r g e r ' s  t h e o r y  l e a d s  one t o  presume a d e c r e a s e  i n  
maximum l i f t  ( e f f e c t  o f  induced  h o r i z o n t a l  v e l o c i t y ,  a t  
l e a s t  i n  t h e  p l a n e  F r o b l e m ) ,  he  o b s e r v e s  t h e  f a c t  r e p o r t e d  
by Zimmermann i n  t h e  a e r o t e c h n i c a l  d e b a t e  a t  t h e  P o l y t e c h -  
n i c  I n s t i t u t e ,  Z u r i c h ,  t h a t  i n  1932 a n  American low-wing 
,monoplane (Lockheed)  l a n d i n g  w i t h  r e t r a c t e d  l a n d i n g  g e a r ,  
a c t u a l l y  had  a lower emergency l a n d i n g  speed  t h a n  expec ted .  
The p i l o t s  r e p o r t e d  t h e y  f e l t  as  i f  a t  t h e  l a s t  moment be- 
f o r e  t o u c h i n g  t h e  g round ,  an a i r  cush ion  had  formed below 
t h e  wing. The f o l l o w i n g  y e a r ,  1933 ,  an  a i r p l a n e  o f  t h e  

w h e e l s  r e t r a c t e d ,  rrhen t h e  r e t r a c t i o n  mechanism f a i l e d  t o  
f u n  c t i on. 

I 

.same t y p e  a c t u a l l y  had t o  make a f o r c e d  l a n d i n g  w i t h  

From t h e s e  o c c u r r e n c e s  t h e  z u t h o r  c o n c l u d e s  t h a t  f o r  
small ground d i s t a n c e s  t h e  o m i s s i o n  o f  the f i n i t e .  p r o f i l e  
d imens ion  and t h e  s u b s t i t u t i o n  o f  t h e  p r o f i l e  by one  s in -  
g l e  bound v o r t e x  of g i v e n  c - i r c u l a t i o n ,  i s  no l o n g e r  p e r -  
m i s s i b l e .  For  wings o f  f i n i t e  span t h e  problem becomes,  
o f  c o u r s e ,  more c o m 9 l i c a t e d .  

I I  
The t h e o r e t i c a l  p a r t ,  d e t a i l i n g  t h e  G o t t i n g e n  and 
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Z d r i c h  e x p e r i n e n t s ,  i s  f o l l o w e d  by an append ix  on t h e  min- 
i m u m  inc?uced drag o f  e wing w i t h  d i h e d r s l .  

A, THEORETICAL PART 

Be b e g i n s  w i t h  t h e  t r e a t m e n t  o f  t h e  two-dimensional  
f l o w  a b o u t  E? f l a t  p l a t e  whose r e a r  edge r e s t s  on an i n f i -  
n i t e  . ,Jlane ( f i g .  2 )  a t  an a n g l e  a. The problem i s  re-  
s o l v e d  by conformal  t r a n s f o r m a t i o n  of p l a n e  z = x + i y 
on t h e  p l a n e  t = r C i s (fig. 3), whereby t h e  cha rec -  
t e r i s t i c  f u n c t i o n  i s  a ?ar t icu lar  c a s e  o f  t h e  C h r i s t o f f e l -  
SchToarz d i f f e r e n t i a l  e q u a t i o n .  

t P u t t i n g  - = T ( c  may be a r b i t r z r i l y  assumed) and  
C 

w i t h  a = 0 ,  ne have: 

I n t e g r r t i o n  r l o n g  t h e  c o n t o u r  o f  t h e  p l a t e ,  w i t h  
t a n c e  o f  a ? o i n t  o f  t h e  c o n t o u r  s t a r t i n k  f r o m  t h e  t r o i l -  
i n g  etige znd 7, = p l o t e  l e n g t h ,  we o b t a i n :  

s = d i s -  

i n  wh ich  t h e  hu tho r  u s e s  t h e  f u n c t i o n  I'. 

He de te rmined  t h e  l i f t  o f  t h e  p l a t e  on t h e  f o l l o w i n g  
c o n s i d e r a t i o n s :  The d r a g  . i s  ze ro  i n  a p e r f e c t  f l u i d .  Ac- 
c o r d i n g  t o  f i g u r e  4 ,  t h e  l i f t  P r e s u l t i n g  f r o m  t h e  nor -  
m a l  p r e s s u r e s  on t h e  p l a t e  ( c p )  and t h e  s u c t i o n  f o r c e  
S a t  t h e  p l a t e  t i p ,  i s  e q u a l  t o  S / s i n  a, The s u c t i o n  
f o r c e  S is s u b s t a n t i a l l y  c o n d i t i o n a l  t o  t h e  v e l o c i t y  
d i s t r i b u t i o n  i n  d i r e c t  p r o x i m i t y  t o  t h e  p l a t e  t i p .  He 
e s t a b l i s h e s  t h e  l i f t  c o e f f i c i e n t  a t  

as a g a i n s t  

Cp = 2 7 ~  s i n  ( n e )  
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L. 

f o r  t h e  f r e e  y l a t e .  Equa t ion  (1) f o r  small v a l u e s  of @ 
can b e  approx ima ted :  

( 1 ' )  
... 
"" 1 

Next t h e  a u t h o r  d e t e r m i n e s  t h e  moment w i t h  r e s p e c t  t o  t h e  
l e a d i n g  edge a t  

where J, and J, i n d i c a t e  t h e  i n t e g r a l s  

€3=t - 

and whereby vo and vu denote  t h e  v a l u e s  o f  t h e  v e l o c i t y  
on  t h e  t o p  and b o t t o m  s i d e s  o f  t h e  f l a t  The v a l u e s  

dwsm,, , nf the%@ $,a&~ga,,&g agg %,&Q$ted. From ( 3  

c 
C, = Jo - Ju (3') 

Anothe r  c a s e  t r e a t e d  by t h i s  a u t h o r  i s  t h e  l i f t  of  a 
' f l a t  p l a t e  c l o s e  t o  t h e  ground a t  90° a n g l e  o f  a t t a c k .  He 

employs t h e  r e f l e c t i o n  method and a conformal  t r ans fo rma-  
t i o n  on ? l a n e  X = 0 + iq .  The r e s u l t  is e x p r e s s e d  i n  

2 A + 1  +$) cP = 7T ---- A +  1 = 

w h i l e  

and  b and a d e n o t e  t h e  o r d i n a t e s  o f  t h e  two edges  ( u p p e r  
a n d  lower) of t h e  f l a t  p l a t e .  

L a s t i y ,  t h e  a u t h o r  p roposes  aii ap2roximate  eval.;aticn 
i n  t h e  g e n e r a l  c a s e ,  b a s e d  on t h e  e f f e c t  of t h e  r e f l e c t e d  
wing,  T h i s  i n d u c e s  on t h e  r e f l e c t e t l  wing a h o r i z o n t a l  ve- 
l o c i t y  which t h e  a u t h o r  d i g r e g a r d s  as  small compared t o  
and  a v e r t i c a l  v e l o c i t y  m i n  u y n a r d  d i r e c t i o n .  He com- 
p u t e s  t h i s  v e l o c i t y  i n  t h e  c e n t e r  of g r a v i t y  of t h e  c i r c u -  

V, 
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l a t i o n ;  t h a t  i s ,  a t  1/4 p l a t e  chord  on t h e  bas i s  of  t h e  
p l o t t e d  v e l o c i t i e s  i n d u c e d  by t h e  f l a t  p l a t e  when moving 
downward a t  c o n s t a n t  speed  m. T h i s  f l o w  i s ,  up t o  a small 
s h a r e  of t h e  c i r c u l a t i o n ,  e q u i v a l e n t  t o  t h e  domnmash on 
t h e  f l a t  p l a t e .  The speed  I i s  t h a t  which c o r r e s p o n d s  
t o  t h e  e f f e c t i v e  a n g l e  o f  a t t a c k ,  o r :  

Fo r  w *  = zfv, i t  i s :  

hence  

and  s i n c e  cp = 2rr aeff  =2n 7 W 

T h u s ,  me o b t a i n :  

- = 0 0.025 0.05 0.10 0.20 O 3 @  
7, 

. --- 1 = 03 6.67 3.51 2,OO 1.389 1 
1- Z 

where s = d i s t a n c e  above g round ,  and  1 = chord .  Such 
r e s u l t ,  as  t h e  a u t h o r  j u s t l y  r e c o g n i z e s  as v a l i d  f o r  small 
a n g l e s  o f  a t t a c k  and t h e r e f o r e  ---- 2rr , r e p r e s e n t s  t h e  an- 

g u l a r  c o e f f i c i e n t  o f  t h e  t a n g e n t  o f  t h e  l i f t  c o e f f i c i e n t .  
The a u t h o r  t h e n  p l o t s  t h e  l i f t  c o e f f i c i e n t  f o r  v a r i o u s  
s / t  ( f i g .  5 ) .  

1) 1 - 2  

B e  EXPERIMENTS 

These a r e  also g i v e n  i n  two p a r t s .  The f i r s t  e x p e r i -  
ments  mere made a t  G o t t i n g e n  i n  t h e  o m a l l  wind t u n n e l  on a 
--------------_-_______ _____-------------- 

The las t  p a r t  of t h i s  r e y o r t  c o n t a i n s  a more e x a c t  and 1) 
complete  a g p l i c a t i o n  o f  t h i s  concep t .  
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c 

t h i n ,  symmet r i ca l  a i r f o i l  ( t h i c k n e s s  p a r a m e t e r  0.075) 
e v o l v e d  from a Joukorpski a i r f o i l ,  as f o l l o w s :  To a s s u r e  
a f l a t  bo t tom s i d e  a n d ,  f o r  r e a s o n s  of symmetry, a f l a t  
u p p e r  s i d e ,  s t r a i g h t s  were drawn f rom t h e  t r a i l i n g  edge 
as t a n g e n t s  t o  t h e  p r o f i l e  curve ,  f o r m i n g  a t r a i l i n g -  
edge a n g l e  o f  e x a c t l y  8’. This  gave  t h e  t r a i l i n g  edge 
t h e  d e s i r e d  s t r e n g t h ,  The radius o f  c u r v a t u r e  of t h e  
l e a d i n g  edge mas a l s o  e n l z r g e d .  The a i r f o i l  had a span Of 
800 m i l l i m e t e r s ,  a wing chord  of  200 m i l l i m e t e r s ,  and a n  
a s p e c t  r a t io  of  4.  A f l a t  2 0 - m i l l i m e t e r  t h i c k  b o a r d  w i t h  F 

1 s y m m e t r i c a l l y  t a p e r e d  l e a d i n g  edge r e p r e s e n t e d  t h e  ground.  
I I t  f i t t e d  d i r e c t l y  t o  t h e  n o z z l e  f l a r e  and ex tended  w i t h  t 

a l e n g t h  o f  1 , 5 6 0  m i l l i m e t e r s ,  s u f f i c i e n t l y  f a r  beyond t h e  
t r a i l i n g  edge o f  t h e  a i r f o i l .  Be ing  1 , 3 0 0  m i l l i m e t e r s  
w i d e ,  i t  e x t e n d e d  50  m i l l i m e t e r s  a t  e i t h e r  s i d e  of  t h e  
1 .200-mi l l imeter  v i d e  a i r  stream. The wind q e e d  was 30 
m e t e r s  p e r  second;  t h e  Reynolds Number 

The t e s t s  mere made w i t h  and  mi thou t  end p l a t e s ,  and i n  t h e  
c a s e  of t h e  i s o l a t e d  w i n g ,  w i t h  p r o p e r  c o r r e c t i o n s  f o r  au- 
t o i n d u c t i o n  and s c a l e  e f f e c t ,  b u t  d i s r e g a r d e d  as n e g l i g i -  

g round  d i s t a n c e ,  measured a t  t h e  t r a i l i n g  edge ,  w a g  5 ,  1 0 ,  
2 0 ,  a n d  40 m i l l i m e t e r s ,  

I 
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A p a r t  from secondary  phenomena ( n e g a t i v e  l i f t  a t  v e r y  
small a n g l e  o f  a t t a c k  due t o  a v e n t u r i  e f f e c t  between air-- 
f o i l  and p l a n e ) ,  t h e  t e s t  d a t a  mere q u a l i t a t i v e l y  i n  a c c o r d  
n i t h  t h e  t h e o r y :  d i m i n u t i o n  of d r a g  f o r  e q u a l  l i f t ;  i n -  
c r e a s e  o f  l i f t  a t  e q u a l  a n g l e  o f  a t t a c k .  However, t h e  
l i f t  inc rea , se  f a l l s  below t h e  t h e o r e t i c a l  e x p e c t a t i o n s .  
Moreover ,  t h e r e  i s  no change Then p a s s i n g  f r o m  1 0 - t o  5- 
m i l l i m e t e r  s l o t  wid th .  The reason f o r  t h i s  is t o  be found  
i n  t h e  r e t a r d i n g  e f f e c t  of t h e  f l a t  plate u s e d  t o  r e p r e -  
s e n t  t h e  ground which - r a t h e r  t h a n  b e i n g  immobile w i t h  
r e s p e c t  t o  t h e  ning - i s  s t a t i o n z r y  n i t h  r e s p e c t  t o  t h o  
LAUIU.  Figures 6 and 7 ,  pho tographed  i n  t h e  water u a u ~ ,  
m a n i f e s t  t h e  u n l i k e  b e h a v i o r  i n  b o t h  c a s e s  and t h e  u n l i k e  
f o r m a t i o n  o f  t h e  boundary 12.yer. (Fig. 7 c o r r e s p o n d s  t o  
moving f l u i d  and  f i x e d  wing; fig.” 8 :  t o  moving wing and 
f l u i d  a t  r e s t . )  To overcome t h i s  drawback,  t h e  a u t h o r  had  
r e c o u r s e  t o  c second series of  e x p e r i m e n t s  i n  t h e  small 
mind tunne 1 o f  t h e  F e d e r c l  T e c h n i c a l  I n s t i t u t e  a t  Z u r i c h ,  
where he  u s e d  t h e  method of  r e f l e c t i o n  which ,  a l t h o u g h  n o t  
r e p r o d u c i n g  e x a c t l y  t h e  r e a l  phenomenon (no  a l l o w a n c e  f o r  
f r i c t i o n  o f  a i r  e n t r a i n e d  by t h e  w i n g  aga ins t  t h e  ground 

mm x 0.03937 = i n ,  

al...! 3 l.--- L - . - 3 -  
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and  the  cumula t ive  l i f t  which i t  i s  n e c e s s a r y  t o  overcome).  
The t e s t s  v e r e  l i m i t e d  t o  t h e  d -e t c rmina t ion  OP t h e  l i f t .  
The r e su l t s  a r e  much more i n  a c c o r d  w i t h  t h e o r y  t h a n  t h e  
p r e v i o u s  o n e s ,  a s  seen  on f i g u r e  8. 

I f ,  however ,  t h e  o b t a i n e d  l i f t  c u r v e s  a r e  e x t r a p o l a t -  
ed  t o  z e r o ,  i t  w i l l  be  n o t e d  t h a t  t h e  i n c i d e n c e  f o r  ze ro  
l i f t  v a r i e s  as t h e  d i s t a n c e .  T h i s ,  t h e  a u t h o r  a s c r i b e s  
t o  t h e  e f f e c t  of f i n i t e  p r o f i l e  t 5 i c k n e s s .  I f  t h e  c u r v e s  
a r e  s h i f t e d  a p p r o x i m a t e l y  1.8’ t o  t h e  l e f t ,  so  as  t o  a f f o r d  
C p  = 0 f o r  a = 0 ,  t h e  r e s u l t  w i l l  b e  t h e  c u r v e s  of  f i g -  
u r e  9.  The r e s u l t s  by t h e  r e f l e c t i o n  method a r e  much more 
a g p r o p r i e t e  t h a n  by t h e  f l a t - p l a t e  method. The u s e  of  s i d e  
s c r e e n s  t e n d s  t o  p r e v e n t  t h e  l a t e r a l  e scape  of a i r  dammed 
up  on t h e  bot tom s i d e  o f  t h e  wing and  c o n s e q u e n t l y ,  a l a b  
e r a l  p r e s s u r e  d e c r e a s e .  The l i f t  d i s t r i b u t i o n  becomes 
more complete  and  h i g h e r  l i f t s  may be exyec ted .  

P r e s s u r e  measurements  i n  t h e  s l o t  between t h e  t w o  
wings  showed y o s i t i v e  p r e s s u r e  by a d h e r i n g  f low a n d ,  con- 
s e q u e n t l y ,  r e t a r d e d  f low.  A f t e r  s e p a r a t i o n  of t h e  f l o w  
t h e  n e g a t i v e  p r e s s u r e  on t h e  uppe r  s i d e  of t h e  wing con- 
t i n u e s  i n t o  t h e  s l o t  i t s e l f .  T h i s  s e p a r a t i o n  o c c u r s  soon-  
e r  as t h e  s l o t  becomes na r rower ;  t h a t  i s ,  as t h e  a n g l e  of 
a t t a c k  becornpc s m a l l e r .  

T h i s  i n t e r e s t i n g  r q o r t  c o n c l u d e s  w i t h  a n  a p p e n d i x ,  
i n  which t h e  a u t h o r  u s e s  t h e  r e s u l t s  o b t a i n e d  i n  t h e  theo-  
r e t i c a l  s t u d y  t o  s o l v e  t h e  problem o f  minimum i n d u c e d  d r a g  
o f  a wing w i t h  d i h e d r a l  a n g l e  ( f i g .  1 0 ) .  H e  d e t e r m i n e s  
t h e  p o t e n t i a l ,  a l s o  t h e  p o t e n t i a l  jump ,cpcP = cpo,-- Cpu be- 
tween t h e  t w o  s i d e s  of t h e  p l a t e  by a c u r r e n t  h a v i n g  an  
a s y m p t o t i c  v e l o c i t y  e q u a l  t o  u n i t y .  T h i s  jump m u l t i p l i e d  
by 2m ( w  = i nduced  v e l o c i t y  ( c o n s t a n t ) )  on t h e  wing sup- 
p l i e s  t h e  c i r c u l a t i o n  i n  t h e  c o r r e s p o n d i n g  p o i n t  of  t h e  
wing ,  t h a t  i s ,  I‘. There  i s ,  a c c o r d i n g  t o  Ku t t a - Joukonsk i ,  
a l i f t  t 

nr, 
P = 2p v ro C O S  E ,/ a s  

“0 
whereby To i n d i c a t e s  t h e  c i r c u l a t i o n  a t  wing c e n t e r ;  d s o  
a n  induced  d r a g  

. 
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as  t h e  r a t i o  be tneen  induced  d r a g  R i  

13 

o f  
t h e  v i n g  w i t h  d i h e d r a l ,  and t h a t  of t h e  wing m i t h  e l l i p  
t i c a l  d i s t r i b u t i o n  and e q u a l  span ( b ) ,  w e  have :  

The v a l u e  JI i s  ? l o t t e d  i n  f i g u r e  11 a g a i n s t  E .  

The' r e p o r t  c l o s e s  r r i t h  a n o t a t i o n  on Tomot ika ' s  exper- 
i m e n t s  which y e r t a i n ,  however,  t o  ground d i s t a n c e s  s t i l l  
amountiiig t o  20 p e r c e n t  o f  the  wing chord.  

111. OTHER THEORETICAL STUDIES 

x:::8 L LER ( r e f e r e n c e  

M6Tler p r o p o s e s  t o  e f f e c t  t h e  conformal  t r a n s f o r m a t i o n  
of t w o  c i r c l e s  s y m m e t r i c a l l y  d i s p o s e d  w i t h  r e s p e c t  t o  axis  
x i n  t w o  p r o f i l e s ,  a180 symmet r i ca l ly  d i s p o s e d  w i t h  re -  
s ~ e c t  t o  t h e  same a x i s .  H i s  t r a n s f o r m a t i o n  i c  as  f o l l o w s :  

The s i n g u l a r  p o i n t s  i n  nh ich  clz/d[ c a a c e l s  o u t  must b o  
found  n i t h i n  t h e  two c i r c l e s .  Thus,  

Tf a i s  r e 2 1 ,  w e  cbtzzir? 2. biqa&crztfc z q u a t i o n ,  ssd 
t h a t  i s  t h e  c a s e  which l l f f l l e r  e l a b o r a t e s .  In  t h i s  c a s e  
t h e  s i n g u l a r  p o i n t s  5 ,  t2  have t h e  same o r d i n a t e .  Tak- 
i n g  - t h e  c e n t e r s  os" t h e  t w o  c i r c l e s  8,s t h e  ~ o i n t s  and  
t o  t h e  r e s u l t i n g  t o p  of t h e  p r o f i l e  i s  s t r a i g h t  a n d  pa r -  
a l l e l  w i t h  t h e  a x i s  o f  x ( z e r o  a n g l e  o f  a t t a c k ) .  The 
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p r o f i l e s  have a c e r t a i n  t h i c k n e s s ,  maximum a t  t h e  c e n t e r ,  
and  t h e  t i p s  a r e  n o t  sharp-edged a l t h o u g h  t h e y  s t i l l  r e s e w  
b l e  a p a i r  of p a r a l l e l  wings.  Q u i t e  o b v i o u s l y  t h i s  c a s e  
i s  of no i n t e r e s t  i n  t h e  Froblem of wings i n  p r o x i m i t y  of  
t h e  ground. I t  i s  n e c e s s a r y  t o  t h i s  end t h a t  t h e  p r o f i l e s  
have  an  a n g l e  o f  a t t a c k  s o  t h a t  

e- z i a  a = p 2  

ming has  an 
i n  p o s i t i v e  
t h e  f o r m  o f  

may be o b t a i n e d .  Then i t  may b e  m a i n t a i n e d  t h a t  t h e  u p p e r  
i n c i d e n c e  a and t h e  lower  ming -a (mind 
d i r e c t i o n  o f  t h e  a x i s  of x ) .  The s t u d y  of  
t h e  F r o f i l e  i s ,  however ,  q u i t e  compl i ca t ed .  

I n  any 
c i r  c u l a t  i o n  
t h i s  p o i n t ,  

c a s e ,  what i n t e r e s t s  us i s  t h e  v F l u e  o f  t h e  
and  t h e  v a l u e  o f  t h e  l i f t ;  b u t .  M u l l e r  s l i g h t s  
c o n f i n i n g  h i m s e l f  t o  s t a t i n g  t h a t  t h e  ob- 

t a i n e d  l i f t ,  i n  c o n t r a d i c t i o n  t o  e x p e r i e n c e ,  i s  l e s s  t h a n  
f o r  t h e  i s o l a t e d  ming. The method e v i d e n t l y  c o n s i s t s  i n  
p a s s i n g  f r o m  t h e  f l o w  a r o u n d  t h e  two c i r c l e s ,  s t u d i e d  by 
M c l l e r  ( r e f e r e n c e  30), by Bonder ( r e f e r e n c e  l o ) ,  a n d  
L a g a l l y  ( r e f e r e n c e  2 8 ) ,  t o  t h e  f l o w  about  t h e  p r o f i l e ,  
a n d  then computing t h e  l i f t  %x Blas ius '  fo rmula .  I t  i s  
q u i t e  c u r i o u s ,  ind.eed, t h a t  M u l l e r  d i d  n o t  e n l a r g e  upon 
t h i s  method, s i n c e  i t  i s  a l t o g e t h e r  s imple .  

Bonder 's  f i n d i n g s  were j u s t  t h e  o p p o s i t e  ( t h e  l i f t  
i n c r e a s e s  t o  d e c r e a s e  w i t h  t h e  ground d i s t a n c e ) ,  b u t  t h e  
f a c t  t h a t  h e  u s e s  a t h e o r y  which i s  an e x t e n s i o n  o f  W i t -  
o s z y n s k i l s ,  i n s t e a d  of t h a t  by Joukowski ,  makes i t  impos- 
s i b l e  t o  compare h i s  r e s u l t ~ ~ t v i t h  t h o s e  o f  t h e  o t h e r  t w o .  
H i s  r e s u l t s ,  moreover ,  e x p r e s s e d  i n  s e r i e s ,  a r e  q u i t e  com- 
p l i c a t e d  and r e q u i r e  t h e  u s e  of  t a b l e s  compi led  by t h e  au- 
t h o r .  B e s i d e s ,  Bonder ' s  s t u d y  h a s  l o s t  much of i t s  impor- 
t a n c e  i n  comparison w i t h  t h e  much more r e c e n t  rrork by 
Tonot fka .  The same h o l d s  f o r  similar s t u d i e s ,  such  as 
t h a t  by R iabouch insky  ( r e f e r e n c e  34). 

3) GLAUEB!l!*S METHOD ( r e f e r e n c e  3 2 )  

G laue r t  a n a l y z e s  t h e  c a s e  of t h e  wing i n  p r e s e n c e  o f  
i t s  image on a n  i n f i n i t e  p l a n e .  H i s  method - which is 
t h a t  used  by P r a n d t l  and  o t h e r s  - c o n s i s t s .  of t a k i n g  t h e  
c u r v a t u r e  o f  t h e  i n d u c e d  f l o w  i n t o  c o n s i d e r a t i o n .  The 
p a r t i c u l a r  f e a t u r e  o f  G l a u e r t  1s method i s  t h e  a d m i s s i o n  
t h a t  t he  induced  v e l o c i t y  must be  a p p l i e d  w i t h  r e f e r e n c e  

. 
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t o  t h e  midpo in t  of t h e  w i n g ,  v h i l e  t h e p o i n t  v o r t e x  rop re -  
s e n t i n g  t h e  c i r c u l a t i o n  around t h e  wing must b e  F l a c e d  a t  
t h e  c e n t e r  of  p r e s s u r e ,  which i s  t h e  c e n t r o i d  o f  t h e  bound 
v o r t i c e s  d i s t r i b u t e d  a l o n g  t h e  c h o r d  o f  t h e  wing ,  t h a t  is: 

( C m  = moment c o e f f i c i e n t  about t h e  l e a d i n g  edge w i t h  r e -  
s p e c t  t o  t h e  c e n t e r  of  p r e s s u r e  8 1 .  The c o o r d i n a t e  of  t h e  
midpo in t  o f  t h e  wing m i t h  r e s p e c t  t o  t h e  p o i n t  a t  which 
t h e  p o i n t  v o r t e x  i s  assumedly p l a c e d ,  r e s u l t s  i n :  

x = (0.5 - e )  t 
Then m i t h  h = d i s t a n c e  between t h e  tnro w i n g s ,  a sup- 

p l e m e n t a r y  i n c i d e n c e  i s  t h e  r e s u l t  - t h e  e f f e c t  of  which i s  
a d d i t i v e  t o  t h a t  o f  t h e  c u r v a t u r e .  

F i n a l l y ,  t h e  moment c o e f f i c i e n t  i s  w r i t t e n  i n  t h e  form 

1 cm = cp 

which g i v e s :  
2 

'P 'Po - - I 4 (1) h (cP + zCLj  

or e l s e ,  r e v e r t i n g  t o  t h e  c i r c u l a t i o n  ( o b t a i n e d  by multi- 
p l y i n g  w i t h  4 vo 1 )  

It i s  r e a d i l y  seen  t h a t  t h i s  f o r m u l a  i s  a l m o s t  iden-  
t i c a l  w i t h  t h a t  p r o p o s e d  by t h e  w r i t e r .  P a r a g r a p h  3 o f  
r e f e r e n c e  24 r e v e a l s  i n  f e c t  rvith some s i m p l i f i c e t i o n s :  - 

. z  c ,  c 
n o t e  t h a t  h r e p r e s e n t s  t h e  d i s t a n c e  between 

t h e  t w o  rrings a h i c h  i n  t h i s  a r t i c l e  i s  e x p r e s s e d  by 2h; 
c !  = 75',:  

The e q u i v a l e n c e  follows from Cm = 2Cm' V o  t h e  mo-  
ment c o e f f i c i e n t  ( c o n s t a n t )  mith r e s a e c t  t o  t h e  c e n t r o i d  
i n d i c a t e d  by -p by G l a u e r t ;  t h e  e q u i v a l e n c e ,  hornever, 
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i s  l i m i t e d  t o  v e r y  small a. I n  a d d i t i o n ,  i t  i s  o f  i n t e r -  
e s t  t o  n o t e  t h a t  i n  p a s s i n g  from Cp t o  r ,  t h e  change 
i n  t h e  h o r i z o n t a l  component o f  t h e  v e l o c i t y  i s  c o m p l e t e l y  
d i s r e g a r d e d ;  t h i s  o m i s s i o n ,  n e v e r t h e l e s s ,  i s  n o t  j u s t i f i e d  
and  may l e a d  t o  e r r o n e o u s  r e s u l t s .  I n  t h e  c a s e  a n a l y z e d  
by G l a u e r t ,  i t  i s  l e g i t i m a t e .  

Bosonhoad, i n  h i s  s t u d y  ( r e f e r e n c e  18), a n a l y z e d  t h e  
l i f t  on a f l a t  p l a t e  b e t v e e n  y a r a l l . e l  malls; but  t h e  c a s e  
o f  t h e  o f f - c e n t e r  wing ,  f r o n  which h e  deduces  t h e  c a s e  of  
thc wing w i t h  i n t e r f e r e n c e ,  sccms t o  be  a f f l i c t e d  w i t h  e r a  
r o r s  ( r e f e r e n c e  25a) .  

C .  XEPORT BY ITSRO TANI ( r e f e r e n c e  20)  

T h i s  s tudy  e x t e n d s  3 i rnbaum' s  method t o  i n c l u d e  t h e  
a n a l y s i s  of a t h i n  wing ( two-dimens iona l  p r o b l e m ) .  

Assuming t h e  wing w i t h  a chord  e q u a l  t o  2 ,  t h e  v o r t i c -  
i t y  i s  supposedly  d i s t r i b u t e d .  c h o r d v i s e  a c c o r d i n g  t o  t h e  
l a w :  

The se l f - induced  o r t h o g o n a l  v e l o c i t y  becomes: 

and  t h e  i n d u c e d  v e l o c i t y  a t  a p o i n t  x, y of t h e  p l a n e  

n h e r e  - ---- 
1 x 2 + y a + 1  X f = J 1 2  X q + . l =  

The c o e f f i c i e n t s  a ,  b ,  a n d  c a r e  d e t e r m i n e d  on t h e  b a s i s  
o f  
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i s  computed as ve loc -  vY ' where a = a n g l e  o f  a t t a c k  and 
i t y  i n d u c e d  by t h e  r e f l e c t e d  wing on t h e  o b j e c t i v e  wing. 

P o s i n g :  

we can  compute t h e  v a l u e s  o f  n i n  f w n c t i o n  o f  t h e  r a t i o  
2 /h ,  where h i s  t h e  d i s t a n c e  o f  t h e  wing f r o m  t h e  p l a n e  

which t h e  a u t h o r  r e p r e s e n t s  i n  two c h a r t s :  one g i v i n g  n 
v e r s u s  t / h  f o r  d i v e r s  a ,  t h e  o t h e r  g i v i n g  n v e r s u s  
a f o r  v a r i o u s  t / h .  

* ( i n  g e n e r a l ,  ne  say o f  t / h ,  where t = wing c h o r d ) ,  

T o  p a s s  f r o m  t h e  t w o -  t o  t h e  t h r e e - d i m e n s i o n a l  pro%- 
Lem (wing o f  f i n i t e  s p a n ) ,  t h e  author  computes t h e  s e l f -  
i n d u c e d  v e l o c i t y  assuming e l l i p t i c  l i f t  d i s t r i b u t i o n  and t h e  
v e l o c i t y  induced  by t h e  f r e e  v o r t i c e s  o f  t h e  r e f l e c t e d  o n  
t h e  r e a l  w i n g  on t h e  basis  of a u n i f o r m  d i s t r i b u t i o n  (al- 
most e x a c t l y  l i k e  t h a t  adop ted  by t h e  w r i t e r ,  r e f e r e n c e  242) 

The f i r s t  i s  known t o  b e  c o n s t a n t ;  f r o m  t h e  second ,  
v 

I,,. ., m. i,f,++ I".,i%kd me$iqn .* along jl t h e  s p a n ,  f o l l o w s :  

L 

F i n a l l y ,  p u t t i n g :  
1 

where 1, t a k e s  account  of  t he  a u t o i n d u c t i o n ,  m of t h e  
mutual i n d u c t i o n ,  a d  n of t h e  c u r v a t u r e  o f  f l o w  due t o  
t h e  i n d u c t i o n .  
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L a s t l y ,  p a s s i n g  t o  t h e  l i f t ,  me w r i t e :  

P = p b v r (1 - 7 
- P = m n  (1 - - - a 1  t 

m n )  PO 4h 

T a n i t s  method i s ,  as  a l r e a d y  p o i n t e d  o u t ,  v e r y  much 
l i k e  P i s t o l e s i t s  method; t h e  only d i f f e r e n c e  c o n s i s t s  i n  
t h e  method o f  computing t h e  e f f e c t  o f  t h e  f l o w  c u r v a t u r e .  

I V ,  RESEARCHES BY SUSUMU TOMOTIKA AND OTHERS 

II 
These r e s e a r c h e s ,  a l s o  c i t e d  i n  t h e  append ix  of D a t -  

w y l e r r s  r e p o r t ,  a r e  p u b l i s h e d  as R e p o r t  N o ,  9 7 ,  of t h e  
A e r o n a u t i c a l  Resea rch  I n s t i t u t e ,  o f  t h e  Tokyo I m p e r i a l  Uni- 
v e r s i t y  ( r e f e r e n c e  2 3 ) .  They a r e  p a t t e r n e d  on t h e  confo r -  
m a l  t r a n s f o r m a t i o n  similar t o  t h a t  employed by Rosenhead ,  
i n  his s t u d y  ( r e f e r e n c e  1 8 ) :  Given t h e  p l a n e  z ,  p r o v i d e d  
t h e  f l o w  i s  a t  f i r s t  assumed t o  be i r r o t a t i o n a l ,  and  t h e  
p l a n e  f = cp f i $, shown i n  f i g u r e  1 2 ,  and a p p l y i n g  i n  
p l a n e  f t h e  c u t  C 0 GI C' ,  t h e  p l a n e  f may b o  r e p r e -  
s e n t e d  a t  mid-he ight  of t by means o f  t h e  Schmarz-Chris- 
t o f f  e l  t r a n  sf o r m a t  i on : 

- M  df 
a t  
- -  

where M i s  a c o n s t a n t .  

I n t r o d u c i n g  t h e n  t h o  f u n c t i o n  p of W e i o r s t r a s s ,  of 
p e r i o d s  201, 2 W 3 ,  whore W l >  0 and  w3 3. > 0 ,  t h e  
t r a n  sf o rmat i on 

t r a n s f o r m s  t h o  somip lane  t i n  t h e  r e c t a n g l e  of t h o  p l a n e  
s shown i n  t h e  f i g u r e .  

Prom t h c  p r e c e d i n g  f o r m u l a ,  f o l l o w s :  
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which ,  i n t e g r a t e d ,  g i v e s :  

19 

S i n c e  t h e  c i r c u l a t i o n  i s  assumed. t o  be  z e r o ,  f h a s  t h e  
p e r i o d  2W1, and t h a t  1ead.s t o  t h e  r e l a t i o n :  

The c o n s t a n t  1.1 i s  de t e rmined  s o  t h a t  f d i f f e r s  
f r o m  i q0 i n  p a s s i n g  from s = w 1  t o  s = w 1  + W 3 '  

and t h e n  we have:  

Then t h e  i n s i d e  o f  t h e  r e c t a n g l e  i s  t r n n s f o r n e &  i n  an annu- 
l a r  zone i n  :?lane z ( f i g ,  1 3 )  by means of t h e  t r ans fo rma-  
t i o n :  

With w a,s t h e  v e l o c i t y  c o n j u g a t e d  t o  vx - i vy i n  
p l a n e  z ,  n i t h  m a s  i t s  moclulus, and mi th  E as t n e  
a n g l e  ivhich i t  f o r n s  w i t h  t h e  d i r e c t i o n  of a x 5 s  x, n e  
hsvc :  

o r ,  i r i t h  0 = + i l o g  Iml 

N O T  t h e  i i i r e c t i c n  o f  t h e  v e l o c i t y  on t h e  boundary 
l i n e  and  on t h e  plate i s  1:noii.n; t h u s ,  t h e  Froblem i n  ? l a n e  
tZ r e d u c e s  t o  t h e  d e t c r m i n c t i o n  o f  t h e  a n e l g t i c a l  f u n c t i o n  

n ( Z ) ,  2 r o v i d e d  t h a t  t h e  r e a l  1 2 e r t  on t h e  t m o  e n v e i o p i n g  
c i r c l e s  ~ s s u m e  t h e  p r e s c r i b e d  v a l u e s .  

. 
Th'en, 011 t h e  b a s i s  of  a f o r m u l a  e s t a b l i s h e d  by E. 

V i l l s t  i n  1912,* fpe heve :  ------ ---.--------- --.___________.________-________ ~ -_____--____.-----_ * L e  probleme de D i r i c h l e t  clans une a i r e  a n n u l a i r e ,  Rendi- 
c o n t i  d e l  C i r c o l o  1.Iatematico d i  Pa lermo,  33 (1912), 
pp. 154-175. 
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where @ ( e )  a n d  @ ( e )  d e n o t e  t h e  v a l u e s  assumed by n 
on t h e  o u t s i d e  and i n s i d e  p e r i p h e r y ,  e x p r e s s e d  i n  t e rms  of 
a n g l e s  i n  t h e  c e n t e r  8. The t w o  f u n c t i o n s  0 and  \Ir com- 
p l y ,  moreover ,  t o  t h e  c o n d i t i o n  o f  u n i f o r m i t y :  

[ Y ( e )  de = /'*;(e) a0 
: 4 

A_oplying V i l l a t f s  formula t o  t h e  p a r t i c u l a r  c a s e  of 
t h e  problem,  m e  o b t a i n  t h e  e x p r e s s i o n  d f / d e  and t ha t  of 
d z / d s ,  which f o r  t h e  sake  of  b r e v i t y ,  i s  o m i t t e d .  

Tho i n t e g r a t i o n  o f  t h e  l a t t e r  i s  q u i t e  a c o m p l i c a t e d  
p r o b l e m  which t h e  a u t h o r  r e s o l v e s  by add ing  t h e  r e l a t i o n :  

2 = - ---- 2% w1 a(s)  + co n u  

With t h i s  f u n c t i o n  t h e  Ezuthor s u ~ p l i e s  a n o t h e r  complex se- 
r i e s  dovelopment,  I n d i c a t i n g  w i t h  2a t h e  w i d t h  o f  t h e  
p l a t e  ( 2 a  = I ) ,  we have :  

8, and €14 b e i n g  t h e  a n g l e s  a t  t h e  c e n t e r  o f  t h e  t w o  pe- 
r i p h e r i e s  which c o r r e q o n d  t o  p o i n t s  A and A', 

The a u t h o r  f i n d s  a t h w e x p r e s s i o n s  f o r  z and  a. - 
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. 
The f l o w  d e f i n e d  by f f r o m  which we deduce t h e  

c o n j u g a t e d  v e l o c i t y  -- df - - -- df ds 
d z  as dz h a s ,  however ,  t w o  s ingu-  

l a r  p o i n t s  i n  A and A * ,  rvhere t h e  v e l o c i t y  becomes in-  
f i n i t e .  Super impos ing  a c i r c u l a t o r y  f l o w  o f  p r o p e r  c i r -  
c u l a t i o n  K t h e  i n f i n i t y  a t  A can  b e  removed a c c o r d i n g  
t o  Joukonsk i .  With fr as t h e  comple t e  p o t e n t i a l  of t h e  
c i r c u l a t i o n  flow, and w i t h  X = f + ft as t h e  comple te  
p o t e n t i a l  o f  t h e  b u i l t - u p  f l o l v ,  t h e  f u n c t i o n  o f  t h e  v e l o c -  
ity r e s u l t s :  

-- 

S i n c e  d z / d s  becomes zero  i n  p o i n t  A ,  dX/dZ a l s o  be= 
comes zero i n  t h e  co r re spond ing  p o i n t ,  o r  f o r  

z =. , 'e4 

Nom t h e  c i r c u l a t i o n  i n  p l a n e  Z is s imply  e x p r e s s e d  by 

f '  = " ;: l o g  z 
c 

IAc(L;, hence 
x = f -. -- i K  log z 

27 
.) 

Joukonslr i  1 s  e q u a t i o n  g i v e s :  

which r e a d i l y  g i v e s :  

o r  

and  i n  consequence :  

The aerodynamic  a c t i o n ,  b a s e d  on B l a s i u s '  f o r m u l a ,  
r e s u l t s  i n :  
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P,- i Py - -  i p (E>” dz - 2  
*. 

C b e i n s  a c l o s e d  s u r f a c e  c o n t a i n i n g  t h e  f l a t  p l a t e ;  o r ,  
a f t e r  s e v e r a l  t r a n s f o r n a t i o n s :  

where C i s  a s u r f a c e  s u r r o u n d i n g  t h e  c i r c l e  i n s i d e  of 
p l a n e  Z. The c a l c u l a t i o n ,  r a t h e r  t e d i o u s ,  g i v e s  t h e  f o l -  
l owing  r e s u l t s :  

where @ i s  t h e  a n g l e  o f  a t t a c k  ( € i g .  12). 

T h i s  l a s t  i s  t h e  o x p r a s s i o n  f o r  t h e  l i f t  o f  t h e  f l a t  
p l a t e .  

The a u t h o r  d e m o n s t r a t e s  s u b s e q u e n t l y  t h a t  when t h o  
d i s t a n c c  H bo tneen  t h e  c e n t e r  o f  t h e  p l a t e  cnd  t h e  w a l l  
becomes i n f f n f t o ,  t h e  p r e c e d i n g  e q u a t i o n  t e n d s  toward  t h e  
known va lue :  

p0 = 272 a ua p s i n  B 

Tak ing  i n t o  c o n s i d c r a t i o n  a n  e x p r e s s i o n  previously found 
f o r  a, tvo f i n d l y  havo: 

The c a l c u l a t i o n  o f  €9’ and 6, bc,scs upon t h o  two  
f o l l o w i n g  c c u a t i o n s :  
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The c p ~ o n d e d  t a b l e s  g i v e  t h e  v a l u e s  of e3 and e 4  i n  

-w3 n i  
f u n c t i o n  cf p and q = ew4 . Knowing e3 and e 4 ,  

Formulas  (lo), (ll), ( 1 2 ) ,  a n d  (13) a r e  fundamen ta l  f o r  
t h e  c a l c u l a t i o n .  

. The a u t h o r  deduces from ( 1 2 )  t h e  f o l l o w i n g  s e r i e s  de- 
velopment:  

1 c o s  y (e, -. e, ) = c o s  p [- 2q + 4q3 - 4q5 ( 3  + 2 cos2 B )  

+ 32 q7 (1 + 8 C O S '  f3)  

- 2q9 (37 + 324 cos2 @ + 80 cos4  B )  
f . . . . . . . . . . . . . . . . . . . . . . . . .  - 1  

T h i s  formula combined w i t h  (11) i s  t h e  basis  of h i s  append- 
ed t a b u l a t i o n s .  

The v a l u e s  o f  P/Po and o f  2a/H ( o r  I / H )  deduced 

f r o m  ( 1 0 )  and  (13) are i n c l u d e d  i n  t h e  t a b l e s  and ? l o t t e d  
i n  f i g u r e  14. 

Thus i t  i s  r e a d i l y  seen  t h a t  f o r  small 2a/H, t h e  
r a t i o  P/Po i s  a lways  l e s s  t han  1, r e g a r d l e s s  o f  a n g l e  of  

g r e a t e r  t h a n  1 when 2a /H exceeds a c e r t a i n  c r i t i c a l  v a l u e  
which i s  an i n c r e m e n t a l  f u n c t i o n  o f  /3. For medium an& 
0 -  vlec ,  cf attsck the lift is m z ~ i f e c , t l y  i n c r e a s i n g  i n  a c c o r d  
w i t h  e x p e r i e n c e ,  by small d i s t a n c e s .  

. - J . J . - - l * .  L.-& c-.. ---ll A L -  - . . 7 . . ~ . .  -4' DID k m n ~ m a  
a U V C & b L ,  U U U  I U L  Jllld.-C.b 8 ,  b U G  V U , & U G D  V I  & / A o  Y V U U Y I V  

Tomot ika t s  c a l c u l a t i o n s  do n o t  i n c l u d e  v e r y  small d i s -  
t a n c e s  H. I n  p a r t i c u l a r ,  they do n o t  come t o  an end a t  
t h e  c a n c e l l a t i o n  of  t h e  slot s between wing t r a i l i n g  edge 
and  t h e  p l a n e  o f  i n f i n i t e  l e n g t h .  Obv ious ly ,  t h i s  condi- 
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2 a  - 2 
t i o n  p r e v a i l s  when H = a s i n  8 ,  o r  f o r  - - ----- H s i n  f3' 

2a 

3.4 f o r  8 = 36'. ComBared w i t h  D s t w y l e r J s  d a t a ,  t h e  
r e s u l t s  seem t o  f a i r l y  a g r e e ,  but n o t  enough t o  remove 
a l l  doubts .  ( F i g .  1 6  i n d i c a t e s  t h e  v a l u e  o f  P/Po O b -  
t a i n e d  by D g t n y l e r  by a small c i r c l e ;  that is, 0.630.) 

I n  p a r t i c u l a r ,  223 = 6.47 f o r  B = l e o ,  and 7 - H 
II 

L a s t l y ,  T o m o t i k a  g i v e s  an approx ima te  development  
of €'/Po i n  pomers o f  2a/H,  a n d  compares t h e  r e s u l t s  
w i t h  that o f  t h e  r i g o r o u s  c a l c u l a t i o n  ( a p p l i c a b l e  t o  small 
v a l u e s  of 2a/H).  The expans ion  f o r  P/Po in powers  of 
2a/H f i n a l l y  g i v e s :  

The l i f t  c a l c u l a t i o n ,  evolved  on C i s o t t i l s  i d e a s ,  is 
g i v e n  i n  append ix  I, 

problem of l i f t  on a f l a t  p l a t e  i n  a s t r e a m  bounded by an 
i n f i n i t e  p l a n e  w a l l .  

I n  a n o t h e r  r e p o r t  ( r e f e r e n c e  2 5 )  Tornot i lca  a t t a c k s  t h e  

Although t h e s e  p rob lems  do not seem t o  have  any p r a c -  
t i c a l  s i g n i f i c a n c e ,  t h e y  a r e ,  n e v e r t h e l e s s ,  of i n t e r e s t  
f r o m  t h e  t h e o r e t i c a l  p o i n t  o f  view. The r e s u l t  i s  shown 
i n  f i g u r e  15 ,  f r o m  which i t  is r e a d i l y  seen  that  t h e r e  i g  
an i n c r e a s e  i n  l i f t ,  i n c r e a s i n g  w i t h  the a n g l e  of a t t a c k  
a n d  r a t i o  2a/E ( d e c r e a s e  w i t h  d i s t a n c e  f r o m  t h e  p l a t e ) .  

edge  and p l a t e  i s  z e r o ,  i n  D a t w y l e r r s  r e p o r t ,  l e a d s  t o  a 
n e g a t i v e  l i f t ,  as i s  r e a d i l y  u n d e r s t o o d  when o b s e r v i n g  
t h a t  i n  $is t r e a t m e n t  t h e r e  i s  a l n a y s  IS f o r c e  t o w a r d  t h e  
wing. D a t m y l e r ' s  problem may be c o n s i d e r e d  t h e  l i m i t  of 
'Porno t ika 1 s p r o  b l  em. 

The c a s e  i n  which t h e  i 9 t e r v a l  s between l e a d i n g  
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I t  .,iSght bc o f  i n t e r e s t  st t h e  c o n c l u s i o n  o f  t h i s  r e -  
v i e n  t o  check  Tl ic thcr  my o r n  rnethod s u g g e s t e d  f o r  t h e  c a l -  
c u l a t i o n  of '  thc i n f i n i t e  b i p l a n e  l e n c s  i t s e l f  t o  conven- 
i e n t  a g p i i c z t i o n  t o  a s s u r e  2. n igh  d e g r e e  of a -qroximat ion  
i n  t h e  s o - u t i o n  o f  t h e  ? roblern  o f  ground i n t e r f e r e n c e .  

The conc3Ft  o f  t h i s  :.lethod may b e  b r i e f l y  summed up 
as  l o l l o n o :  

e) Comgute t h e  c i r c u l a t i o n  abou t  t h e  ming on t h e  ba- 
s i s  of  t l ie v e l o c i t y  ( f u r t h e r  induced  a s y m p t o t i c a l l y )  pos-  
s e s s e d  by t h e  wing a t  a ? o i n t  l / 4 -chord  l e n g t h  € r o m  t h e  

p l y i x g  by c f  2 t h e  compor,en: of t h i s  o r t h o g o n a l  v e l o c i t y  

o f  che  a x i s  o f  t h e  p r o f i l e  ( c '  = - ----• f o r  a i r f o i l s  w i t h  

srr.alI- c smber ,  c f  = n). 

t r a - i l - i ng  edge ( p c i n t  K ) ;  t h e  3+f.t; i s  o b t a i n e d  by mult i -  I '. . 

1 ac, 
2 do, ' 

b )  S u S s t i t u t e ,  f o r  t h e  e f f e c t s  o f  i n d u c t i o n  and  L i f t  
c a l c u l a t i o n ,  t h c  ming mi th  2 v o r t e x  l o c a t e d  i:i t h e  c e n t e r  
o f  Zrnvi:;. o f  t h e  c i r c u l a t i o n ;  o r  e l s e  i n  a p o i n t  s i t u a t e d  

2 I c n g t h  f r o m  th:: I . ead i rg  e d g e  ( p o i n t  I ) ,  w i t h  a p r o p e r  
d o u b l e t  alfi-ed i n  t h c  same p o i n t .  I n  t h e  c a s e  o f  a f l a t  
:ping, t h e  d o u b l e t  i s  z e r o  a n d  ?!le wing may be  r e p l a c e d  by 
a, SiriIple v o r t e x  l o c a t e d  a t  t h e  s e i d  p o i n t .  

1 

i ;oa  l e t  u s  s e e  L o a  t h i s  conce>t  cen be appnlied t o  t h e  
mine i n  t h e  p r c s c n c e  of i t s  r e f l e c t i o n ;  we l i m i t  o u r s e l v e s  
t o  t::e c a s e  o f  a, f l a t  I V ~ J ~ .  T h e  m o r c  s imple  a p p l i c a t i o n  
i s  tli8.t d i s r e g a r d e d  i n  tilt? i n d u c t i o n  c a l c u l a t i o n :  t h e  an- 
g l e  o f  ai;tc,ck o f  tlie ming (fig* 1 6 ) .  

4 
2nd coasGquent ly :  

-- t2 

which  g i v c s :  
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The v e l o c i t y  

t 2  r = ro (1 + ---) 
16h2 i 

n co r re spondence  w i t h  p o  

n 

n t  I 

. 

(14  1 

i s  

and  f i n a l l y ,  t h e  l i f t  i s :  - 
P = p r (To - ---- 

o r  

P = p n t v2 s i n  a [I -. ;II; Z (1 + --T> l2 s i n  a] [1 + 
1 6 h  

- = I-1- - (1 + G-) s i n  a 
Po L 4h J L  16h2 J 
P t la 

1 0  Applying t h i s  formula t o  t h e  c a s e  o f  a = 42 , m e  f i n d :  

-- '1 = 0 0,l 
4h 

P l o t t i n g  t h e s e  r e s u l t s  (fie;. 14, d o t t e d  l i n e ) ,  t h e y  
a r e  seen t o  remain c o n s i s t e n t l y  abovc the  r i g o r o u s  v a l u e s  
o f  Tomotikn, and n o t  w i d e l y  a t  v a r i a n c e  a t  h i g h  i n c i d e n c e .  
As r e g a r d s  t h e  i n c l i n a t i o n  of t h e  n i n g  i n  t h e  c a l c u l a t i o n  
of  t h e  induced  v e l o c i t y ,  t h e  a p p r o x i m a t e  formulas (3) and 
( 8 )  of my p r e v i o u s  r e p o r t  could  be a p p l i e d ,  b u t  o t h e r  f o r -  
mulas  more r i g o r o u s  and  no more c o m p l i c a t e d  t h a n  t h e y ,  a r e  
p r e f e r a b l e ,  We have  ( f i g .  17): 

Vn = v0 s i n  a + -- s i n  Y 

r = TI 1, (vo  sina.3.--- s i n  Y )  

2nd 

2nd 

= TI t vo s i n  a + ( s i n  Y, c o s  a - c o 3  Y s i n  a) 2l-T.d 

Then '1 c o s  a 
2a 

s i n  Y o  = ----- 2h c o s  Yo = -- d 
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a . f t e r  s imyle  changes:  

1 + A- s i n  a 4b 

where k i s  t h e  m u l t i p l i c a t i o n  f a c t o r  of 
a l s o  : 

r 
2 

1 

which ,  a f t e r  v e r i o u s  changes*  g i v e s :  

.. .. 

27 

* ~ n  t a k i n g  account  o f  t h e  ring c u r v a t u r e  (emf * o), we 
a r r i v e  by similar t r e a t m e n t  a t  a r e s u l t  mhich i s  alma,ys 
e x p r e s s i b l e  by (18), w i t h  

I 
Cm p n.1 - -.- 2lT s i 2  c, (1 4 p 

( 1 9 ' )  k = ___________-___._______._____ - 
s i n  a (1 + A s i n  a )  

1 
4h 

whereby A = -- 
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4 

-- 2 s i n  a 
4h 

b 
4h  1 + -- s i n  a 

Applying t h i s  f o r m u l a  t o  t h e  c a s e  o f  
t h e  f o l l o w i n g  t a b u l a t i o n :  

a = 4.5’, 

0 .1  - = o  2 
4h 0.2 0.3 0.4 

P = 1  0.9943 1.0085 1.0404 1.086 
Po 

These f i g u r e s  a r e  e q u a l l y  s u p e r i o r  t o  t h o s e  

we o b t a i n  

0.5 

1.146 

o f  Tomo- 
e s p e c i a l l y  t i k a ,  but much more approx ima te  t h a n  t h e  f o r m e r ,  

f o r  small  Z/h (up t o  0.8). They a r e  shown i n  f i g u r e  1 4  
as  dot-dashed l i n e .  

A markedly improved a p p r o x i m a t i o n  i s  o b t a i n e d  if t h e  
C a l c u l a t i o n  o f  t h e  i n d u c e d  v e l o c i t y  on t h e  b a s i s  o f  a s i n -  
g l e  v o r t e x  c o n c e n t r a t e d  a t  It i s  abandoned i n  f a v o r  of 
t h e  f i e l d  o f  t h e  v e l o c i t y  a round  t h e  r e f l e c t e d  wing ,  f o r  
which we p r o c e e d  a s  f o l l o w s :  

The v e l o c i t y  a b o u t  a f l a t  p l a t e  o f  l e n g t h  2 ,  assumed 
w i t h  a v e l o c i t y  o f  t h e  components v1 and vz and  w i t h  a 
c i r c u l a t i o n  r i s :  

The a p p l i c a t i o n  of  t h e  above f o r m u l a  t o  t h e  f i e l d  
a b o u t  the  r e f l e c t e d  a i n g ,  g i v e s :  

v1 = vo c o s  a Va = - vo s i n  a 

and  m e  have:  

( 2 1 )  
2 r 1 

w = To C O S  a + i vo g i n  a ---- - i - ------- 
J Z  -ET--- - 1 2 n  &a-S-- 1 

For t h e  d e t e r m i n a t i o n  of t h e  c i r c u l a t i o n ,  i t  i s  nec- 
e s s a r y  t o  de t e rmine  w a t  p o i n t  R on t h e  r e a l  wing 
which,  r e l a t i v e  t o  t h e  r e f l e c t e d  w i n g ,  h a s  t h e  o r d i n a t e s :  

c 

yg = 2h c o s  a - s i n  2a 
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I n  g e n e r a l ,  d.enot.ing wi th  X t h e  r a t i o  o f  d i s t a n c e  
h and. wing chord  2 ,  x = h f 2 ,  t h e  g r e v i o u s  f o r m u l a s  can 
be w r i t t e n  as:  

xK = 4~ s i n  a + Q c o s  2a 

y K  = 4x c o s  a - 8 c o s  2 a  

To  d e t e r m i n e  t h e  l i f t  - whateve r  t h e  c i r c u l a t i o n  - 
we must c o p p u t e  rrr at p o j n t  I o f  t h e  recL1 rving which ,  
r e l a t i v e  t o  t h e  r e f l e c t e d  rring, h a s  t h e  o r d i n a t e s :  

1 x I  = 4~ s i n  a - H c o s  2 a  

y I  = 4~ c o s  a + 8 s i n  2a 

From ( 2 1 )  follows: 

vo s i n  a (Bx + By) + -- 2-n vx = vo c o s  a, - 
v -  Y -  - vo s i n  a ( A x  - By) + --- 2n 

With r e g a r d  t o  t h e  s i g n s  of t h c  r a d i c a l s ,  i t  i s  r e a d i l y  
s e e n  t h a t  A n i l 1  have t h e  s i g n  o f  x; B ,  t h e  s i g n  o f  - y e  

The normal  conponsnt  c f  t h e  r e n l  wing a t  K m i l l  b e  
vX s i n  2a + vy c o s  2rx, a h e r e  x and y are t h e  c o o r d i -  
na.t.F.5 ~f X! 

vn=vo {[cos  a - s i n  a ( - s x + ~ y ) j  s i n  2a - s in  a ( ~ x - ~ y ;  c o s  2a} + 

r 
2l-r 

f - ( 3  s i n  2a + A c o s  2a) 
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which ,  s i n c e  I' = 2n Pn g i v e s :  

To p a s s  t o  t h e  v a l u e  of l i f t  P, i t  i s  n e c e s s a r y  t o  
know t h e  h o r i z o n t a l  v e l o c i t y  c o r r e s p o n d i n g  t o  p o i n t  I ,  
which w i l l  be vx c o s  a - vy s i n  a: 

[cos a - s i n  ct(Bx+Ay)] c o s  a+sin ~ ( A X - B Y )  s i n  a 

r + - (B cos a-A s i n  a) 2rr 

4 

I 

o r t  w r i t i n g  r = 2 ~ r  v0 k s i n  a (where  k = r/ro) and  
making s e v e r a l  changes :  

which ,  f o r  f i n a l l y  g i v e s :  

The c a l c u l a t i o n  i s  q u i t e  r a p i d  s i n c e  t h e  q u a n t i t i e s  
A and B are easily computed, a f t e r  t h e  e x p r e s s i o n s  x8 - 
ra - 1 and  4xa ya have been c a l c u l a t e d .  

a = 18' ( i . e e t  
v e r y  h i g h  i n c i d e n c e ) ,  and f o r  t h e  whole  r a n g o  of values 
x (or of h = l/X), a n a l y z e d  by Tomotika ( A  = 0 t o  311, 
t h e  agreernent w i t h  h i s  t e s t  r e s u l t s  i s  p r a c t i c a l l y  p e r f e c t ,  
s o  t h a t  t h e  t w o  c u r v e s  c o i n c i d e ,  T h i s  i s  v a l i d  for t h e  
p l a n e  problom - t h a t  i s ,  t h c  problem of t h e  i n f i n i t e  Wing. 

To  analyze t h o  problem of  t h o  R ing  w i t h  f i n i t o  span 
n e c e s s i  t a t o s  t a k i n g  i n t o  accoun t  t h e  v e l o c i t y  i n d u c e d  by 
t h e  f r e e  v o r t i c e s  and  t h e  c a l c u l a t i o n  is n o t a b l y  Complf- 

Applying the method t o  the c a s e  of 

c 
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c a t e d .  I n  v i e n  of t h i s  c o n n l i c a t i o n ,  I f e l t  j u s t i f i e d  
i n  my s tudy  ( r e f e r e n c e  2 4 )  t o  c o n f i n e  myself  t o  cons id -  
e r i a g  t h i s  e f f e c t  by t h e  method o f  h o r s e s h o e  ( o r  t r a i l -  
i n g )  v o r t i c e s  ( l i f t  d i s t r i b u t i o n  by m i f o r m  lat7); i t  i s  
n r o b c b l j r  ~ ~ o s s i b l c  t o  imFro7-e thc, r e s w x c h  method by 
nc?opting F e r r a r i  1 s  method ( r e f o r e n c e  36 )  f o r  t h e  ca l cu -  
l a t i o n  of t h e  b i p l a n e  of  f i n i t e  span, which i s  b a s e d  upon 
e l l i g t i c a l  l i f t  d i s t r i b u t i o n .  S t i l l ,  even su,posing i t  
i s  ~ o s s i b l e  t o  s u b s t i t u t e  t h e  wing w i t h  a d i s t r i b u t i o n  of  
v o r t i c e s  o n  t n z  nerodyna7aic c e n t e r  o f  t h e  a i n g  and  w i t h  a 
d i s t r i b u t i o n  o f  d o u b l e t s  on t h e  ccn t r a .1  a x i s  o f  t h e  p r o -  
f i l e ,  i t s  a p p l i c a b i l i t y  r r i t h  ood.  anp rox ima t ion  i s  l i m -  
i t e d  t o  s o + - e r a t e  r a t i o s  o f  tTh.  

T r a n s l e t i o n  by  J. V a n l e r ,  
Ku'ationel Advi::oqT Corrlmittec 
f o r  Beronc,ut i  cs .  

c 
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